Abstract. Let H and K be locally compact groups and τ : H → Aut(K) be a continuous homomorphism and also let Gτ = H ⋉τ K be the semi-direct product of H and K with respect to τ . We define left and also right τ -convolution on L 1 (Gτ ) such that L 1 (Gτ ) with respect to each of them is a Banach algebra. Also we define τ -convolution as a linear combination of the left and right τ -convolution. We show that the τ -convolution is commutative if and only if K is abelian and also when H and K are second countable groups, the τ -convolution coincides with the standard convolution of L 1 (Gτ ) if and only if H is the trivial group. We prove that there is a τ -involution on L 1 (Gτ ) such that L 1 (Gτ ) with respect to the τ -involution and τ -convolution is a non-associative Banach * -algebra and also it is also shown that when K is abelian, the τ -involution and τ -convolution makes L 1 (Gτ ) into a Jordan Banach * -algebra.
Introduction
In mathematical analysis and in particular from functional analysis viewpoint, convolution on Euclidean space is a linear map on the function spaces related to Euclidean spaces, for more details see [4] , also convolution is similar to cross-correlation. In classical harmonic analysis convolution is an integral which interpret the quantity of overlap of a function as it is shifted over another function, see [3] or [5] . It has applications that include statistics methods, image and signal processing, electrical engineering, and also differential equations. The convolution can be defined for functions on groups other than Euclidean space, see [3] or [5] . In particular, the circular convolution can be defined for periodic functions (that is, functions on the circle group), and the discrete convolution can be defined for functions on the set of integers. On the other hand one of the most important concepts in Fourier theory, Gabor theory, Wavelet theory, Multiresolution analysis and also in crystallography, is that of a convolution.
Many non-abelian groups in harmonic analysis can be considered as a semi-direct products of groups. In this paper we want to introduce a new approach to the convolution on the semi-direct products of groups and also we study the basic properties of this theory. The principal role played by convolutions in classical harmonic analysis is in evidence throughout [1] , [7] , [8] , [9] . Since convolution plays an important role in general theory of harmonic analysis, we focuss on the convolution theory and we define a convolution on the functions spaces related to semidirect products of groups. More precisely many classes of non-abelian groups can be written as a semidirect product of groups in which one of the groups is abelian. In this case the semi-direct product group is non-abelian and so the standard convolution is noncommutative and so there is a lack to study the harmonic analysis on semi-direct products of groups. Thus it maybe worthwhile if we define a new convolution such that it's commutativity behavior depends only on one of the groups. In fact we are looking for a convolution on these classes of groups in which allow us to studying and analyzing the convolution with respect to the second group in the semi-direct product.
Throughout this article which contains 4 section we assume that H and K are locally compact topological groups and τ : H → Aut(K) is a continuous homomorphism and G τ = H ⋉ τ K is the semi-direct product of H and K with respect to τ . Section 2 is devoted to fix notations and also a brief summary on the classic properties of the semi-direct products of groups. In section 3 first we define left and right τ -convolution on L 1 (G τ ) which makes L 1 (G τ ) into a Banach algebra. Then we define the τ -convolution as a linear combination of left and right convolution and also we define a τ -involution on L 1 (G τ ) and we show that L 1 (G τ ) is a non-associative Banach * -algebra with respect to the τ -convolution and the τ -involution. We prove that the τ -convolution is commutative if and only if K is abelian. We also show that this new algebra structure is completely different from the standard algebra on the L 1 -function algebra related to each locally compact group. Recall that our main idea on this theory is that when H is the trivial group we get the classical convolution on the locally compact group K. Also we prove that the τ -convolution coincides with the standard convolution of L 1 (G τ ) if and only if H is the trivial group. Finally, in section 4 as an application for p > 1 we make
Preliminaries and notations
A non-associative algebra B is a linear space B over field of complex or real numbers endowed with a bilinear map (x, y) → xy from B × B into B and also a Jordan algebra is a commutative non-associative algebra B whose product satisfies the Jordan identity (xy)x 2 = x(yx 2 ) for all x, y ∈ B. Note that the term non-associative stands for not necessarily associative. More precisely we use the term non-associative algebra in order to emphasize that the associativity of the product is not being assumed. A non-associative Banach algebra is a non-associative algebra B over the field of complex or real numbers, whose underlying linear space is a Banach space with respect to a norm . satisfying xy ≤ x y for all x, y ∈ B.
Let X be locally compact Hausdorff space. By C c (X) we mean the space of all continuous complex valued functions on X with compact supports. If µ is a positive Radon measure on X, for each 1 ≤ p < ∞ the Banach space of equivalence classes of µ-measurable complex valued functions f : X → C such that
is denoted by L p (X, µ) which contains dense subspace C c (X). When G is a locally compact group with left Haar measure dx and modular function ∆ G for each p ≥ 1 we mean by
into a Banach * -algebra. We recall that the Banach * -algebra L 1 (G) with respect to the standard convolution given in (2.1) has an approximate identity (see Proposition 2.42 of [3] ) and also the Banach * -algebra L 1 (G) is commutative if and only if G is abelian.
Let H and K be locally compact groups with identity elements e H and e K respectively and left Haar measures dh and dk respectively and also let τ : H → Aut(K) be a homomorphism such that the map (h, k) → τ h (k) is continuous from H × K to K. In this case we say the homomorphism τ : H → Aut(K) is continuous. The semidirect product G τ = H ⋉ τ K is a locally compact topological group with underlying set H × K which is equipped with product topology and group operation is defined by
The left Haar measure of G τ is dµ Gτ (h, k) = δ(h)dhdk and the modular function of
where the positive continuous homomorphism δ : H → (0, ∞) is given by dk = δ(h)d(τ h (k)) and also ∆ H and ∆ K are modular functions of locally compact groups H and K respectively, for more details see Theorem 15.29 of [5] .
τ -convolution and τ -involution
In the following we define a τ -convolution and a τ -involution on L 1 (G τ ) which is different from the usual convolution and involution of L 1 (G τ ). We note that our idea on this extension is that only when H is the trivial group this algebra structure coincides with the standard algebra structure of
Note that the τ -convolution of f, g ∈ L 1 τ (G τ ) defined in (3.4), for a.e. (h, k) ∈ G τ can be rewritten in the following form
Theorem 3.1. Let τ : H → Aut(K) be a continuous homomorphism and
Using the associativity of the standard convolution on
Next theorem shows the same result as in Theorem 3.1 for the left τ -convolution.
Theorem 3.2. Let τ : H → Aut(K) be a continuous homomorphism and
Proof. We show that the left τ -convolution is associative.
But the following proposition guarantees that the τ -convolution is not associative in general.
. Using Theorem 3.1 and also Theorem 3.2, left and right τ -convolutions are associative. Thus it can be easily checked that for a.e. (h, k) ∈ G τ we have
Also, using definition of the τ -convolution and also (3.7) and (3.8) we have
and also similarly
Now a straight forward calculation implies (3.6).
For f ∈ L 1 (G τ ) let the τ -involution be denoted by f * τ and defined for a.e. (h, k) ∈ G τ by
Thus we prove the following theorem.
Theorem 3.4. Let τ : H → Aut(K) be a continuous homomorphism and
is a non-associative Banach * -algebra with respect to the τ -convolution defined in (3.4) and also the τ -involution defined in (3.9).
Proof. It remains to show that the τ -involution is an anti-homomorphism. Let f, g ∈ L 1 (G τ ). Using the antihomomorphism property of the involution on
From now on, the notation L 1 τ (G τ ) stands for the non-associative Banach * -algebra mentioned in Theorem 3.4 and also we use the notations L
and by a closed left(right) τ l -ideal we mean a .
. Note that the same definitions can be considered for left, right or two sided τ r -ideals of L 1 τr (G τ ). In the following, we introduce a tool which transfer elements of
Proposition 3.5. Let τ : H → Aut(K) be a continuous homomorphism and
Similarly for a.e k ∈ K we have
Similarly for a.e (h, k) ∈ G τ we have
Proof. According to the preceding result and also (3.10) if Φ ∈ L
Similarly for a.e. (h, k) ∈ G τ we have Φ(ψ)
which implies (3.11). Now our pervious result (3.11) implies that for each ψ, φ ∈ L 1 (K) and also for a.e. (h, k) ∈ G τ we have
Also for each ψ ∈ L 1 (K) and for a.e. (h, k) ∈ G τ we have
According to Theorem 3.6, for each Φ ∈ L
The following corollary is a consequence of the theorem 3.6. Corollary 3.7. Let τ : H → Aut(K) be a continuous homomorphism and
Next theorem shows that f → f is a norm decreasing * -homomorphism from
τ (G τ ). Using Fubini's theorem for a.e. k in K we have
Similarly for a.e. k ∈ K we have f
Also for a.e. k in K we have
Also we can conclude the following corollary. Note that the same result holds for L 1 τ l (G τ ).
As an immediate application of the theorem 3.8 we show that if I is a closed left(right
Corollary 3.10. Let τ : H → Aut(K) be a continuous homomorphism and
Proof. In general setting using Proposition 3.
τ ⊆ I for each f ∈ I we have Φ( f ) ∈ I. Using proposition 3.8 and also since for each n we have Φ( f n ) ∈ I and I is closed we get
So we have ψ = Φ(ψ) ∈ I.
In the following corollary we show that if L 1 τ (G τ ) has an identity then K should be discrete.
Proposition 3.11. Let τ : H → Aut(K) be a continuous homomorphism and
Proof. It is enough to prove the result for the left τ -convolution. Let ǫ τ l be an identity for the left τ -convolution. Using Theorem 3.8 for each f ∈ L 1 τ l (G τ ) and also for a.e. k ∈ K we have
is an identity for L 1 (K). Thus Theorem 19.19 and also Theorem 19.20 of [5] imply that K is discrete.
Corollary 3.12. Let τ : H → Aut(K) be a continuous homomorphism and G τ = H ⋉ τ K. If τ -convolution has identity, then K is discrete.
In the next proposition we show that the map S 
is injective if and only if H is trivial group.
Proof. If H be the trivial group then clearly f = 0 implies f = 0 and so the linear map S τ K is injective. To prove the converse note that for each nonnegative function ϕ ∈ L 1 (H) with ϕ L 1 (H) = 1 and also for each
and also for a.e. k ∈ K we have ψ ϕ (k) = ψ(k). Now if S τ K is injective and also H is not the trivial group then for a fixed ψ ∈ L 1 (K) we have
τ , which contradicts injectivity of the linear map S τ K .
As an applications of Proposition 3.13 we can prove that L 1 τ (G τ ) is an associative Banach * -algebra if and only if H is trivial group. Corollary 3.14. Let K be seconde countable and τ : H → Aut(K) be a continuous homomorphism and also let G τ = H ⋉ τ K. The τ -convolution defined in (3.4) is associative if and only if H is the trivial group.
Proof. Obviously when H is the trivial group, the τ -convolution is associative. Conversely suppose the τ -convolution is associative and f = 0. Let {ψ n } ∞ n=1 be a sequence approximate identity for L 1 (K) according to Proposition 2.42 of [3] and Φ ∈ L + 1 . Using associativity of the τ -convolution for a.e. (h, k) ∈ G τ we have
Now proposition 3.13 guarantee that H is the trivial group.
Next corollary shows that when K is second countable, the right τ -convolution is commutative if and only if K is abelian and H is the trivial group. Corollary 3.15. Let K be seconde countable and τ : H → Aut(K) be a continuous homomorphism and also let G τ = H ⋉ τ K. The right τ -convolution is commutative if and only if K is abelian and H is the trivial group.
Proof. Clearly when H is the trivial group the right τ -convolution coincides with the standard convolution on L 1 (K) and so if K is abelian the left τ -convolution is commutative. Now let right τ -convolution be commutative and also f, g ∈ L 1 τr (G τ ). Using Proposition 3.8 for a.e. k ∈ K we have
is commutative and so K is abelian. Also since the right τ -convolution is commutative, using (3.
The same result for the left τ -convolution can be obtained by the similar argument. In the next theorem we show that τ -convolution is commutative whenever K is abelian and also we prove that the converse is true. Proof. When the τ -convolution is commutative, similar method as we use in Corollary 3.15 works and implies that K is abelian. Now let K be an abelian group. Thus the Banach * -algebra L 1 (K) is commutative and so according to the definition of the τ -convolution, for each f, g ∈ L 1 τ (G τ ) and also for a.e. (h, k) ∈ G τ we have
As an immediate consequence of Theorem 3.16 we show that when K is abelian the τ -convolution and τ -involution makes L 1 (G τ ) into a Jordan Banach * -algebra.
Corollary 3.17. Let τ : H → Aut(K) be a continuous homomorphism and G τ = H ⋉ τ K with K abelian. L 1 (G τ ) with respect to the τ -convolution and τ -involution is a Jordan Banach * -algebra.
Proof. If K is abelian, Theorem 3.16 guarantee that τ -convolution is commutative. According to Theorem 3.4 it is sufficient to show that the τ -convolution satisfies the Jordan identity. Now let f, g ∈ L 1 (G τ ). Using Proposition 3.3 and also commutativity and associativity of the standard convolution on
Remark 3.18. The standard convolution on L 1 (G τ ) is commutative if and only if G τ is abelian. Theorem 3.16 guarantee that the τ -convolution has some differences with standard convolution which can be defined on the function algebra L 1 (G) for each arbitrary locally compact group G. But in the sequel we show that τ -convolution on L 1 (G τ ) coincides with the standard convolution of L 1 (G τ ) only when H is the trivial group which implies that the τ -convolution on
in A is called a τ -sequence approximate identity for the closed * -subalgebra A if for each f ∈ A we have (3.12) lim
Next theorem shows us that the non-associative Banach * -algebra L 1 τ (G τ ) has a τ -sequence approximate identity if and only if H is the trivial group. Proof. If H is the trivial group {e} then for each continuous homomorphism τ : H → Aut(K) we have
Thus the τ -convolution coincides with the standard convolution of L 1 (K) and so any standard approximate identity for L 1 (K) is a τ -sequence approximate identity for L 1 (G τ ). Conversely assume that the τ -convolution admits a τ -sequence approximate identity
is a sequence of approximate identity for L 1 (K). Using (3.5) for a.e. (h, k) ∈ G τ we have
Thus we get f (h, k) = 0 for a.e. (h, k) ∈ G τ and so we have J 1 τ = {0}. Now Proposition 3.13 works and implies that H is the trivial group.
As an immediate consequence of Theorem 3.19 we achieve that when H and K are second countable locally compact groups the τ -convolution defined coincides with the standard convolution of L 1 (G τ ) if and only if H is the trivial group. Which complectly guarantee that our extension is worthwhile and also not trivial. 
Since the underlying topological space of G τ is second countable, the standard convolution on L 1 (G τ ) possess a sequence approximate identity thus the τ -convolution admits a τ -sequence approximate identity and using Theorem 3.19 the result holds.
Let A be a closed * -subalgebra of L 1 τ (G τ ). A family {u α } α∈I in A is called a τ -approximate identity for the * -subalgebra A if for each f ∈ A we have (3.13) lim
Although according to the Theorem 3.19, when H and K are second countable if the τ -convolution on L 1 τ (G τ ) admits a τ -approximate identity then automatically H should be the trivial group but in the following theorem we show that in general settings if Φ ∈ L + 1 the closed * -subalgebra λ Φ L 1 (K) possesses a special kind of τ -approximate identity.
Theorem 3.21. Let τ : H → Aut(K) be a continuous homomorphism and G τ = H ⋉ τ K and also let Φ ∈ L + 1 . The closed * -subalgebra λ Φ L 1 (K) admits a bounded τ -approximate identity.
Proof. Let {ψ α } α∈I be a bounded approximate identity for L 1 (K) with ψ α L 1 (K) = 1, ψ α = ψ * α and ψ α ≥ 0 for each α ∈ I. Thus for each φ ∈ L 1 (K) we have (3.14) lim
Now let Φ ∈ L + 1 and also for each α ∈ I let u α (h, k) := Φ(ψ α )(h, k). Then for each α ∈ I we have u α ∈ L 1 τ (G τ ) with u α L 1 τ (Gτ ) = 1 and also u α = u * τ α . We show that {u α } α∈I is a τ -approximate identity for Φ L 1 (K) . Using Theorem 3.6 and also (3.14) for each f ∈ λ Φ L 1 (K) with f = Φ(φ) we have
Remark 4.1. When p = 1 the left module action defined in (4.1) coincides with the left τ -convolution defined in (3.3) . Also when H is the trivial group the left module action defined in (4.1) coincides with the left module action defined on L p (K) via Proposition 2.39 of [3] .
In the next theorem we show that the left module action defined in (4.1) is associative and so makes L p (G τ ) into a left Banach L 
